I prove a theorem about the connection of representations of two commuting orthogonal Lie algebras in the complete configuration space of any number of fermions of several kinds inhabiting a common single-kind configuration space. One algebra conserves the total number of fermions and one does not. The theorem is analogous to one concerning symplectic Lie algebras proven by Helmers in 1961. A particular case of the present theorem applies to the algebra O(8) proposed in 1964 by Flowers and Szpikowski as a quasispin algebra in LS coupling. This O(8) algebra has attracted recent attention in discussions of simultaneous isoscalar and isovector pairing. Possible applications of other cases of the theorem are discussed. From it, I derive in a simple manner a relation between the Casimir invariants of the connected representations.
I. INTRODUCTION
In 1961 Helmers proved a remarkable theorem which establishes a one to one correspondence between the irreps of two commuting symplectic Lie algebras that occur simultaneously in the total configuration space of any number of fermions of several kinds inhabiting a common single-kind configuration space of even dimension [1] . In nuclei, the single-kind configuration space typically consists of one or several j shells or is spanned by time reversed pairs of stationary states in a deformed potential well that is invariant under time reversal. Familiar examples of the Helmers duality are the one to one correspondence between seniority [2] and quasispin [3] for one kind of nucleon and the analogous correspondence between pairs of seniority and reduced isospin [4] and the irrep of an Sp(4) Lie algebra for systems of neutrons and protons. It is well known that the Sp(4) and O(5) Lie algebras are isomorphic [5] , and the Sp(4) algebra of the system of neutrons and protons is more often referred to as O(5) [6] [7] [8] . Helmers expresses in Ref. [1] the expectation that results similar to his hold in LS coupling, but, to my knowledge, the content of such results was never specified. Even less were rigorous proofs then given. In my present article I prove a theorem concerning orthogonal Lie algebras which is entirely analogous to that of Helmers concerning symplectic Lie algebras.
Helmers's theorem as well as mine set up relations between a number conserving and a number nonconserving Lie algebra. For example, in the relation between seniority and quasispin the number conserving algebra is one of infinitesimal symplectic transformations of the singlenucleon space, whose irreps are described by the quantum number of seniority, and the number nonconserving one is the quasispin algebra. One particular case of the theorem to be proven applies to the separation of the degrees of freedom of a single nucleon into orbital degrees on one hand and spin and isospin on the other. Wigner's SU(4) model [9] and Elliott's SU(3) model [10, 11] are examples of models which exploit this separation. In this case the number nonconserving algebra is the O(8) algebra of Flowers and Szpikowski [12] . This O(8) algebra has attracted much interest recently because its Casimir operator is related to a Hamiltonian with isoscalar and isovector pairing interactions of equal strengths [8, [13] [14] [15] [16] [17] . The number conserving algebra is the algebra O(d) of infinitesimal orthogonal transformations of the space of orbital states, where d is the dimension of the latter.
Kota and Castilho Alcarás derive a simple relation between the O(d) and O(8) Casimir invariants [8] . Such a relation, while suggestive, does not prove a one to one correspondence between irreps because different irreps may have equal Casimir invariants. Neither does it tell anything about the multiplicities of the direct products of the connected representations in the total configuration space. Conversely, the relation found by Kota and Castilho Alcarás is shown below to follow very directly from my theorem.
The two orthogonal Lie algebras are defined and their basic properties discussed in Sec. II. The theorem is then stated in Sec. III and proven in Sec. IV. Section V presents two different derivation of a relation between the Casimir invariants of the connected representations, one very simple based on the theorem, and another, algebraic, one akin to that of Kota and Castilho Alcarás for the case of O (8) . In Sec. VI, I discuss possible applications of the theorem to cases other than O(8) before I summarize the results of my study in Sec. VII.
II. ORTHOGONAL LIE ALGEBRAS
I consider states of an arbitrary number of fermions of kinds numbered from 1 to k and denoted by letters τ, υ, . . . . Fermions of different kinds inhabit a common single-kind configuration space of dimension d with orthonormal basic states denoted by |p , |q , . . . . The annihilation operator of a fermion of kind τ in the state |p is denoted by a pτ .
A. Number conserving algebra
A Lie algebra of generators of orthogonal transformations of the single-kind configuration space is defined by the property of its members x that they conserve a sym-metric tensor pq|g = qp|g in the sense that r ( p|x|r rq|g + q|x|r pr|g ) = 0.
(1)
It will be assumed that pq|g = δ pq (2) for some choice of the states |p . The matrix p|x|q then is antisymmetric. If the single-kind space carries integral angular momentum quantum numbers l, one can write |p = |αlm , where m is the magnetic quantum number. The Wigner metric
is then more convenient for some purposes. Because this g can be given the form (2) by a unitary transformation, it is encompassed by the assumption. Angular momentum is indeed irrelevant to the present analysis. Operators x pq can be defined by
x pq |q = |p , x pq |p = −|q , x pq |r = 0, r = p, q.
(4) for p = q, and x pp = 0. Those with p > q form a basis for the algebra. Evaluating the Killing form
in this basis gives
which, for d > 2, can be normalized to K pq,rs = −δ pq,rs .
For d = 1 the Killing form is undefined because the algebra is zerodimensional. For d = 2 the algebra is spanned by the single element x 12 . It thus has no roots, so nothing prevents us from assigning to this single element the squared Killing norm −1 to comply with Eq. (7) . With d = 2Ω and d = 2Ω+1 for even and odd d, respectively, the index p of the states |p may take the values p = −Ω, −Ω + 1, . . . , Ω with 0 omitted when d is even. The operators −ix p,−p , p > 0, then form a basis for a Cartan subalgebra which gives the standard roots [5] with the Killing form (7) . These operators are diagonalized by the unitary transformation to basic states |ν , |π , . . . defined by [18] | ± ν = 1 2 (|p ± i| − p ), ν = p > 0, |ν = |p , ν = p = 0.
In fact,
The algebra of operators x is faithfully represented on the total configuration space by the operators
which then form what will be referred to as the orthogonal Lie algebra O(d). By (7) its Casimir operator C O(d) is given by
Evidently every X commutes with the total number of fermions. The set of such Y is closed under commutation. Further, there is a one to one correspondence between Y and the transformation
of the space of fermion fields φ. The correspondence between Y and Y is homomorphic with respect to commutation. The transformation Y conserves the symmetric tensor
in the sense that
It follows that the operators Y form an orthogonal Lie algebra.
One may now inquire which Y commute with every X. Considering first operators (15) one finds that each matrix in p and q with elements pτ |y|qυ must commute with every matrix p|x|q . Because the representation of the algebra of operators x by itself is irreducible, this implies by Schur's lemma that each matrix pτ |y|qυ is proportional to the unit matrix. The space of Y of the form (15) is then spanned by the operators
As to operators
the requirement is r ( p|x|r rτ, qυ|y + q|x|r pτ, rυ|y ) = 0, (18) or, r ( p|x|r rq|y τ υ + q|x|r pr|y τ υ ) = 0 (19) with pq|y τ υ = pτ, qυ|y .
Like g the tensor y τ υ then belongs to the trivial representation of O(d) on the direct product of two copies of the single-kind space. But because the trivial representation occurs only once in the product space [18] , it follows that t τ υ is proportional to g. The space of Y of the form (17) is then spanned by the operators
Their hermitian conjugates will be denoted by Y −υ,−τ and span the space of operators Y that are linear combinations of products of annihilation operators. With a choice of the states |p such that Eq. (2) holds, Eq. (21) simplifies to
All the elements defined above then have the form
where α and β take values ±1, ±2, . . . , ±k, and a p,−τ = a † pτ . It is easy to derive
By comparison with Ref. [5] it follows that the operators Y form an O(2k) Lie algebra. The elements Y τ,−τ form a basis for a Cartan subalgebra which gives the standard roots, and the Casimir operator C O(2k) is given by
This algebra will be referred to as the Lie algebra O(2k).
III. THEOREM

A. Representations
To prepare stating the theorem to be proven I interpolate a few remarks about the description of representations of orthogonal Lie algebras. My notation refers to O(d). This is viewed here as just the abstract Lie algebra of infinitesimal orthogonal transformations of a vector space of dimension d, so the definitions below apply analogously to O(2k) upon the replacement of d by 2k.
It is well known that O(d) has representations described by partitions [λ], which are sequences of parts
(See Refs. [18, 19] noticing that the Lie algebra generates the proper orthogonal group.) Unconventionally, I number the parts in nondecreasing order, which will turn out convenient. The convention is to number them with the largest first. Either all λ p are integral or all of them are halfintegral. Representations with halfintegral parts are spin representations [19] . The representation described by the partition [λ] is irreducible except when d is even and λ 1 > 0. When this happens, the representation splits into two inequivalent irreps. A partition is visualized by a Young diagram, whose row lengths are the parts. In particular the Young diagram of a spin representation thus has a leftmost column of width 1 2 and height Ω. Again the convention is to place the longest row topmost.
In the theory of characters of the orthogonal groups, a central role is played by the numbers
when d is even, and
when d is odd. I call the strictly increasing sequence of these numbers associated with a given partition [λ] the unfolded partition and denote it by [[l] ].
B. Theorem
To be proven is the following.
Theorem: Let Φ be the space spanned by the states generated from the vacuum by the operators
Then Fig. 1 of Ref. [1] for an illustration. It follows that [λ] has no part greater than k, and [µ] has no part greater than d/2. Proving that this criterion is equivalent to that of the theorem goes as in the symplectic case with a very minor modification due to a different relation between λ p and l p . I leave it to any interested reader to work it out based on Ref. [1] .
Yet another formulation is that for each p the pth row of the [λ] diagram with the numbering above and the pth column from the left of the [µ] diagram, not counting a possible half-width column, have total length k, or, equivalently, that for each τ the τ th row of the [µ] diagram with the analogous numbering and the τ th column from the left of the [λ] diagram have total length d/2.
IV. PROOF
By Eq. (9) a general member of the O(d) Cartan subalgebra can be written
(33) The trace
of the operator
where
over the support of a representation [λ] is, as a function of the set of φ ν or ǫ ν , a character of that representation [20] .
Similarly the trace
over the support of a representation [µ], where
is, as a function of the set of ψ τ or η τ , a character of that representation.
Because the Lie algebras O(d) and O(2k) commute, the direct sum of their Cartan subalgebras is a Cartan subalgebra of their direct sum, so the character χ of a representation of O(d) ⊕ O(2k) is given by
as a function of the total set of ǫ ν and η τ . This is applied to the representation on the total configuration space Φ.
A proof of the theorem in Sec. III B then consists in verifying the identity
where the sum runs over the same combinations of [λ] and [µ] as in Eq. (30). The verification proceeds separately for even and odd d. Before entering these separate cases, I make a definition. The symbol
denotes the determinant whose rows have the form shown for n different values of z specified in the context
A. Even d
The verification of the identity (41) in the case of even d follows closely that of Helmers for the case of symplectic Lie algebras [1] . It is noticed that Φ is the direct product of twodimensional spaces, one for each pair of ν and τ . Orthonormal basic states of each twodimensional space correspond to the state |ντ of a single fermion being empty or occupied. Each such space contributes to χ a factor
The pair of states | ± ν, τ , where ν > 0, then gives the factor (η
One arrives at
Evidently F (ǫ) = 0 for ǫ = −η τ . Using
one gets 
and the analogous expression for χ [µ] (see Eq. (60)).
B. Odd d
The idea of the verification of the identity (41) for odd d is the same, but the details are slightly more involved. There is now a state |ν with ν = 0, which contributes to χ an extra factor
This factor can be combined with |c 0 (η), c 1 (η), . . . , c k−1 (η)| to give
and (−z) α is shorthand for exp(iαπ)z α . One gets a := (−1) 
By [18, 19] 
the identity (41) follows.
V. CASIMIR INVARIANTS
The value of C O(d) in the representation [λ] is denoted by C O(d) ([λ]) and referred to as the Casimir invariant of the representation. For even d and λ 1 > 0, when the representation splits into two inequivalent irreps, the latter have a common value of C O(d) because they merge into a single irrep when reflections are appended to the proper orthogonal group [18, 19] , and the reflections commute with C O(d) . (Changing the sign of the basic state |p with, say, p = 1 results in a change of sign of all x pq whose p or q equals 1. This leaves the expression (11) unchanged.) The notation and observations in the case of C O(2k) are analogous.
The correspondence between simultaneous representations of O(d) and O(2k) in Φ established in the two preceding sections implies a relation between their Casimir invariants. Two very different derivations of this relation is given in the present section. The first one is based directly on the theorem in Sec. III B. The second one is algebraic and akin to that of Kota and Castilho Alcarás for k = 4 [8] . My point of showing also this more complicated derivation is to demonstrate first its generality and second its independence of angular momentum algebra.
A. Using the theorem
Racah's formula for the Casimir invariant of an irrep of a semisimple Lie algebra [5] gives
with c = −2 for even d and −1 for odd d. This formula can be given a geometric form. Assume the usual arrangement of the [λ] Young diagram with horizontal rows of lengths λ p , left justified from bottom to top in the order of p, and assume that the cells are unit squares except for the half-width cells of the spin representations. Then introduce a conventionally oriented Cartesian coordinate system with its origin placed at the distance d/2 vertically below the upper left corner of the diagram. It is straightforward to show that in both cases of even and odd d, Eq. (61) can then be written 
As a special case one arrives at the result for k = 4 of Kota and Castilho Alcarás [8] ,
Before closing this section, I notice that the interal formula (62) allows a simple derivation of formulas for C O(d) ([λ]) in terms of the column heights ν i of the Young diagram, numbered by i from the left, not counting the half-width column in the case of spin representations. These formulas are
for non-spin representations, and
for spin representations.
B. Algebraic derivation
The algebraic derivation uses the expressions (11) and (25) for the Casimir operators. Substitution by Eq. (10) gives
By the commutations relations (24) one gets As mentioned already, the case of k = 4 is the one that is addressed mostly, if not only, in the literature. Could other cases have some relevance?
For k = 1, the Lie algebra O(2k) = O(2) is spanned by the single element Y 1,−1 = n − d/2, so "number nonconserving" is a misnomer in this case. Every available value of Y 1,−1 , that is, of n, defines a onedimensional irrep. These irreps are coupled, pairwise for n = d/2, to the single part µ 1 of the partition [µ] by µ 1 = |Y 1,−1 | = |n−d/2|. The condition µ 1 ≤ d/2 is thus equivalent to 0 ≤ n ≤ d. The corresponding O(d) Young diagram has a single column of height ν 1 = d/2 − µ 1 . This describes a representation carried by the space of antisymmetric tensors of dimension d and rank ν 1 , independently of the tensor g. In fact, g plays no role for k = 1 because the O(2) Lie algebra has no elements of the form (21). From µ 1 = |n − d/2| follows ν 1 = n for n < d/2, and ν 1 = d − n for n > d/2. The O(d) state may thus be interpreted in these two cases as a state of n particles and of d − n holes, respectively, in a system of fermions inhabiting the d-dimensional space. For µ 1 = 0, uniquely n = d/2, and either interpretation applies. The theorem thus does not, for k = 1, tell more than what follows from the mere fact that the particles are fermions.
For k = 2, the states |p may be orbital, and τ = 1 and 2 may describe spin directions ↓ and ↑. It is well known that the Lie algebra O(2k) = O(4) is not simple but splits into two commuting O(3) Lie algebras [5] . These can be chosen to be spanned by the components of the total spin
where s is the spin vector in the space of abstract spinors, and by the components 13), so it is an orthogonal transformation. More precisely, it is a reflection, so, in combination with the transformations Y, which generate the proper orthogonal group in four dimensions, it generates the full orthogonal group, which includes reflections. Now swapping a 1↓ and a † 1↓ in the composition of φ is equivalent to doing so in the composition of the operator Y , which maps to swapping a p↓ and a † p↓ in the composition of Y for every p when d is arbitrary. The latter operation is equivalent, in turn, to the operation P of swapping emptiness and occupation of the states |p↓ in the composition of a state in Φ. Appending P to the Lie algebra O(4) therefore generates the full orthogonal group.
Swapping a p↓ and a † p↓ in the expressions (70) and (71) swaps S and Q. It follows that P swaps S and Q. Because the partition [µ] describes an irrep of the full orthogonal group, the representation [µ] must then contain for every pair of S and Q it includes also the swapped pair. The irreducibility with respect to the full orthogonal group further implies that it can include no pair other than those one or two.
By Eqs. (16), (70) and (71) the eigenvalues of Y τ,−τ are Q 0 ∓ S 0 for τ = 1 and 2. The largest eigenvalue of Y 2,−2 that occurs in a representation [µ] of the Lie algebra which includes a given pair of S and Q is thus S + Q, and when this eigenvalue is fixed, the largest eigenvalue of Y 1,−1 is |S − Q|. These are the parts µ τ . Conversely the partition [µ] determines the pair of values S and Q can take in any order. Taking into account general results in Refs. [18, 19] on the decomposition of irreps of the full orthogonal group onto such of the proper group, that is, of the Lie algebra, one can conclude the following. For µ 1 = 0 the representation [µ] of the full orthogonal group consists of a single irrep of the Lie algebra with S = Q = µ 2 /2. For µ 1 > 0 it consists of two irreps of the Lie algebra with S = 1 2 (µ 2 ± µ 1 ) and Q = 1 2 (µ 2 ∓ µ 1 ). These two are connected by P .
This classification scheme may be generalized to any halfintegral spin s. In general, k = 2s + 1, so k is even. For s > 1/2 the O(2k) Lie algebra is simple. The algebra spanned by the components of S then has no commuting subalgebra. The O(2k) irreps split into irreps of the S algebra like, for the Wigner metric (3), the O(d) irreps split into irreps of the orbital angular momentum algebra. Yet the total O(2k) Lie algebra contains operators which, like Q ± , connect subspaces of Φ with different n but equal O(d) irrep in much the same way as the Kerman quasispin [3] connects spaces with different numbers of nucleons but equal seniority.
One may in principle define a symmetric tensor g in any single-particle space, including spaces of single fermions. But in the fermion case, unlike the Wigner metric, g will not be rotationally invariant. The Wigner metric in a space of fermions is antisymmetric and so gives rise to a symplectic algebra. This lack of rotational invariance seems to bar the relevance of the theorem in Sec. III B to systems with an odd number of fermion kinds (more than one) such as the three colors or the three lowmass flavors of quarks.
VII. SUMMARY
The main result of the present study is the theorem in Sec. III B. It applies to systems of fermions of a number k of different kinds inhabiting a common single-kind configuration space of dimension d. The theorem asserts that the total configuration space of any number of such fermions splits into direct products of supports of representations of two orthogonal Lie algebras O(d) and O(2k). The algebra O(d) is the tensor representation in the total configuration space of an algebra of infinitesimal orthogonal transformations of the single-kind configuration space. The algebra O(2k) is the maximal algebra commuting with O(d) that is spanned by commutators of pairs of fermion fields. It includes in general operators that do not commute with the total number of fermions.
The factors of each direct product are described by partitions, which may be visualized by Young diagrams, and their relation can be described geometrically: The O(d) Young diagram and a reflected copy of the O(2k) diagram combine to form a rectangle of width k and height d/2. This relation is precisely the same as in an analogous theorem of Helmers concerning symplectic Lie algebras [1] .
This geometric criterion was used to derive in a simple manner a relation between the Casimir invariants of the two representations. The relation obtained was derived previously by Kota and Castilho Alcarás in the particular case of k = 4. The present result generalizes to arbitrary k that of these authors. An alternative, algebraic, derivation of the general result more akin to that of Kota and Castilho Alcarás was also given.
The case of k = 4, when the O(2k) Lie algebra is the O(8) algebra proposed in the 1964 by Flowers and Szpikowski [12] , has attracted recent attention because the O(8) Casimir operator is related to a Hamiltonian with isoscalar and isovector pairing interactions of equal strengths. Possible applications for other values of k of the classification scheme which results from the present theorem were discussed.
